Various processes which are forbidden in the vacuum by a combination of requirements, such as Lorentz and gauge invariance, can occur in the presence of a background medium. Here we consider the decay of a spin-0 particle into a photon and another spin-0 particle, which is forbidden in the vacuum due to angular momentum conservation, and show that it can occur in a medium even if the medium does not carry any angular momentum. We calculate the amplitude and determine the rate of the process in a simple model involving Yukawa interactions of the scalar particles with a charged fermion field.
Introduction
In general, when neutrinos [1, 2] or photons [3] propagate through a background medium, their properties and interactions [4, 5] are modified such that some processes involving them which are forbidden in the vacuum can be induced by the effects of the medium [6] We can classify such processes into two broad classes. The first class refers to those processes that are disallowed in the vacuum for kinematic reasons. One classic example of this type is the plasmon decay process γ → e + e − , which does not occur in the vacuum due to the masslessness of the photon, but it can occur in a medium due to the fact that the photon dispersion relation is modified by the background effects. We are not concerned with processes of this type here and we will not consider them any further.
In the second class are those processes that do not occur because the transition matrix element is zero in the vacuum. In general, whenever that is the case, it can be attributed to some conservation laws, which are in turn the consequences of the symmetries of the Lagrangian. It is common to refer to such process as being forbidden. Thus, when the medium is not invariant under the full symmetrty group of the Lagrangian, the relevant tarnsition matrix element can be non-zero when the background effects are taken into account.
In a recent paper [7] we considered a subset of processes in this class, namely those which are forbidden by helicity arguments, or angular momentum conservation. We specifically considered the radiative decay of a spin-0 particle into another spin-0 particle, the decay of a spin-1 particle into two photons, the gravitational decay of a spin-0 particle into another spin-0 particle and the gravitational decay of a spin-1/2 particle into another spin-1/2. By performing a form-factor analysis in each case, we reviewed the arguments that show that the amplitude for the process in the vacuum vanishes, and then demonstrated that the amplitude need not vanish if the process occurs in a medium, even if the medium is homogeneous and isotropic and therefore does not carry any net angular momentum.
The aim of the present work is to pursue this further to confirm that this indeed the case, by computing the amplitude for such processes in viable models. In the present paper we consider in detail the calculation of the amplitude and decay rate for the radiative decay of a scalar particle, in a simple model in which the scalar particles are coupled with a charged fermion field via Yukawa interactions 1 . The presence of the medium affects also the dispersion relations of the particles that participate in the process, and those effects may be important in specific applications. However, their inclusion in the calculation of the rates is straightforward and, since they are not essential for our purposes, here we neglect them.
The paper is organized as follows. In Sec. 2 we summarize the form-factor analysis presented in Ref. [7] . There it is shown that the on-shell amplitude depends only on one form factor, and the expressions for the total and the differential decay rates in terms of the form factor are given. In Sec. 3 we consider the calculation of the amplitude in a simple model involving a background of charged fermions. There we determine the one-loop formulas for the on-shell form factor expressed as integrals over the background fermion distribution functions, and the integrals are evaluated explcitly for some particular cases of the distrbution functions. We end with some concluding remarks in Sec. 4.
Kinematical considerations

Form factors
We are concerned with the process
where, φ and φ ′ denote the scalar (spin-0) particles, γ denotes the photon, and p, ′ and q denote the corresponding momentum vectors. The amplitude can be written in the form
where ǫ µ (q) is the photon polarization vector which satisfies
and j µ is the matrix element of the electromagnetic current, which must satisfy the gauge invariance condition
Note that j µ can be a function of p µ and q µ , which are the only two independent momenta in the problem. In addition, if the process occurs in the background of a material medium, j µ can also depend on v µ , the 4-velocity of the center of mass of the medium. In Ref. [7] , it was pointed out that, subject to the gauge invariance condition of Eq. (2.4), the most general form for the on-shell vertex function j µ is given by
This means that the decay amplitude can be written as
where The term associated with the form factor b is parity violating due to the presence of the Levi-Civita tensor. If we consider a system in which the interactions are parity conserving, and the background medium is also parity symmetric, i.e., is not spin-polarized, the form factor b cannot arise. In our calculation later in the paper, we will adopt this kind of a situation, so we set b = 0 and write
Without any loss of generality, we will take the form factor a to be real.
Decay rate
The differential decay rate is given by
where the sum is over the two polarization states of the photon. It is convenient to consider two reference frames. The first one is the rest frame of the medium, to be denoted by S, in which
where we have chosen the z-axis to point in the direction of the 3-momentum of the decaying particle. The second frame, S 0 , is the decaying particle's own rest frame. Thus in S 0 ,
where the medium moves along the negative z-axis, and the components of v µ have been decided upon by considering the scalar invariants p µ v µ and v µ v µ in the two frames. In what follows, we will denote quantities referring to the second frame by the subscript '0', like in the name of the frame itself. Expressing Eq. (2.8) in terms of the variables in the S 0 frame, and adopting a convention for the polarization vectors such that their zeroth component vanish, we obtain
where θ 0 is the angle between q and the z-axis, and
is the photon energy in this frame. The differential decay rate is given by
Integrating over the angle, we obtain the total decay rate in this frame:
In the medium frame, the total decay rate is given by
and the differential decay rate can be obtained from Eq. (2.14) by using the relations cos θ 0 = E cos θ − P E − P cos θ ,
which give
One-loop diagrams that induce the process of Eq. (2.1) in a medium. In each diagram, the incoming and outgoing lines refer to the particles in Eq. (2.1), with the momenta specified there. For the internal lines, we show the momentum labels that we have used.
Model calculations 3.1 The model and the diagrams
In order to perform calculations to evaluate the form factors, we use a Lagrangian containing two neutral scalar fields φ and φ ′ , and a charged fermion f . The charged fermion has its usual interaction with the photon field. In addition, it couples to the scalar fields through Yukawa-type interactions, given by
Since we are considering neutral scalars in the initial and final states, the process of Eq. (2.1) cannot occur at the tree level. At the one-loop level, diagrams for the process have been shown in Fig. 1 . The fermion line in the loops refer to fermions in the medium. For a thermal medium, we can write the fermion propagator in the form
where m is the fermion mass, and
with
and
The contributions to j µ from the two diagrams are given by
where
This expression confirms the statement, made in Sec. 2, that the form factor b, appearing in Eq. (2.5), vanishes for this model. As stated there, this is a consequence of parity invariance of the interactions of Eq. (3.1) and the polarization independence of the distribution function in the medium. Using the relationships
Eqs. (3.6) and (3.7) can be combined in the form
(3.10)
When Eq. (3.2) is substituted into Eq. (3.10) various terms are produced. The purely vacuum terms, which do not contain any factor involving η(l), give zero since ∆(−l) = ∆(l). The terms containing three factors of η also yield zero due to the on-shell conditions implied by the delta function in Eq. (3.5). The terms containing two factors of η will give an absorptive contribution to the amplitude. Here we will assume that the kinematic regime is such that those absorptive terms are zero, i.e., that the initial φ state is below the pair production threshold. Therefore the only the terms that survive are those that contain one factor of η, and by making appropriate shifts of the integration variables in some of those terms, we obtain
Transversality condition
The transversality condition q µ j µ = 0 is easily verified explicitly with the help of the identity
which follows simply from Eq. (3.8). Using this identity to rewrite the various factors of q µ L µ that appear when we contract Eq. (3.11) with q µ , we obtain
where we have also used the relation
Since the factor inside the curly brackets in Eq. (3.13) is even under l → −l, while the factor η(l) − η(−l) is odd, the integrand is odd and therefore Eq. (2.4) is verified.
Evaluation of the form factor
Using the trace formula of Eq. (3.8), we can write down the individual terms in j µ from Eq. (3.11). For this, it is convenient to define the integrals
, (3.15)
Notice that the definitions of these integrals imply the relations
Further, since q 2 = 0, each of these integrals is odd in q if q is one of the momenta in its arguments. Using these properties, we can write the vertex function in the form
In writing this form, we have omitted terms proportional to q µ since they do not contribute to the amplitude because of Eq. (2.3). Our task is to determine the form factor a, which is the co-efficient of v µ in this expression. Such terms can come only from the integrals within the first set of square brackets. Further, notice that these terms can be combined to give
Obviously, when the integral is performed, the result will be of the form
where A, B and B ′ are Lorentz invariants. The form factor a introduced in Eq. (2.5) will then be given by
This shows that the process depicted in Eq. (2.1) can occur in a medium. Because of the presence of the factor η(l) − η(−l), the integral will be zero if the background is charge-symmetric, i.e., contains an equal number of particles and antiparticles. But in any background which does not satisfy this condition, the form factor a is expected to be non-zero, providing a non-zero rate for the radiative decay process.
The rate of the process can be obtained from the expressions given in Sec. 2 once the form factor a is known. The evaluation of the form factor, however, cannot be analytically performed in arbitrary backgrounds, as is usual for integrals involving thermal distribution functions.
For a non-relativistic medium, however, we can easily perform the integral given in Eq. (3.23). In this case, we have
As a first approximation, we can neglect l altogether, and replace l 0 by m. This means thatĨ µ (p, p ′ ) becomes proportional to v µ , so that the co-efficients B and B ′ vanish, and
where E, E ′ and ω are the energies of φ, φ ′ and the photon in the rest frame of the medium. The remaining integral is trivial in this limit and one obtains
The form factor in this case does not depend on any angle, and so the angular distribution of the decay product is given by the θ-dependent factors shown in Eq. (2.18).
Discussions and conclusions
In the context of the Standard Model, there is a certain class of processes that are forbidden due to the invariance of the Lagrangian under Lorentz invariance. A subset of those processes are those that violate angular momentum conservation, sometimes refered to as being forbidden by helicity arguments. Two particular examples of such processes are the decay of a spin-1/2 fermion into another spin-1/2 fermion and a graviton, and the decay of a scalar particle into another scalar and a photon. The theories that extend the Standard Model and/or the gravitational interactions, including theories with extra dimensions and low slave gravity [8, 9] , predict the ocurrence of processes that are forbidden in the Standard Model. Some of those schemes involve also the breaking of the Lorentz symmetry [10, 11, 12, 13, 14] and therefore, in principle, the processes mentioned above are allowed at some level. Thus, although the effects we are considering simulate Lorentz symmetry breaking violating effects, in this case they arise from completely Lorentz-invariand Standard Model physics.
In a Ref. [7] we argued in a general way that such processes can occur in a background medium, even if the medium is homogeneous and isotropic, thereby mimicking the effects that we have mentioned but in this case not involving any breaking of the symmetries of the Standard Model at a fundamental physical level. In this work we have pursued this idea further by computing the amplitude and the corresponding decay rate for the radiative scalar decay processes in a fermion background, in a simple model in which the scalar particles are coupled with a charged fermion field via Yukawa interactions.
In the vacuum the impossibility of this process is summarized in the statement that the radiative transition between two J = 0 states is forbidden. The breaking of this rule in a medium can be understood as follows. Let us consider the decay of a particle ψ to a particle ψ ′ and a photon in the rest frame of the decaying particle. Denoting the total angular momentum of the initial and final states by J and J ′ respectively, in the vacuum we have
where L x and S x stand for orbital angular momentum and spin of each particle. The conservation of angular momentum implies in particular 2) where the brackets in the left and right-hand sides denote the expectation value with respect to the initial and final states, respectively. However, since p = 0, the orbital angular momentum of the decaying particle is zero and, since and q = − p ′ , neither L ψ ′ nor L γ have a component alongq. Therefore, conservation of angular momentum implies
so that the helicity along the direction of motion of the final particles is conserved in this frame. Since the helicity can only be zero for the scalars and ±1 for the photon, the process involving scalars is forbidden. The diagrams of Fig. 1 in which one of the fermion lines denotes the thermal on-shell part of the fermion propagator, physically corresponds to the process
where f is the fermion in the background medium. Then in place of Eq. (4.3), the relevant condition is now
where the various terms on either side of this equation should of course be added according to the angular momentum addition rules. Even assuming that we may drop the spin contributions of the background fermions upon averaging over an unpolarized background, their orbital angular momentum does not vanish because in the rest frame of the decaying particle the fermions appear to be moving in a preferred direction. Therefore, helicity is not a good quantum number anymore and the helicity argument does not apply. Our calculation of this process serves as a reference point and test case for the arguments given in Ref. [7] , and are also useful for similar calculations in the context of those extended theories in which the process may occur due to a fundamental breaking of the Lorentz symmetry.
